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HpoSjieMa ynpaBJienna KBaHTOBbiMH CHCTeiviaMH (KC) — o;i;Ha h3 nan- 
Sojiee aKTyajibHbix HayHHO-TexHHHecKHx npoSjieivi, CBaaaHnaa c HOBefiinHMH 
4)H3HHecKHMH HaHOTexHOJiorH5iMH. KoHGHHaa ii;ejib 3flecb — co3;i;aHHe pe- 
ryjiapHbix MeTO^OB CHHTesa nepeivieHHoro sjieKTpHHecKoro nojia (jia3epHoro 
H3JiyHeHHa), ynpaBjiaiomero MHKpocKonHHecKHMH cocToanHaMH aTOMOB h 
MOJieKyji. YcnemHoe Bne^peHHe na ypoBenb KBanTOBbix chctgm coBpeMeH- 
Hbix TexHHK ynpaBJiGHHa, HHCTpyMeHTapna jiasepHoii (J)H3hkh h KBaHTOBofl 
3JieKTpoHHKH, peajiH3yioiii;ero "xHpyprnio" aTOMOB h MOJieKyji, OTKpbiJio ynn- 

KajIBHbie B03M0JKH0CTH ^Jia C03flaHHa HOBblX MaTepHajIOB, MHHHaTIOpH3an,HH 

KOMnbiOTepHOH naMaTH, h flpyrnx TexnojiorHii. 3Ta npo5jieMa 0Ka3ajiacb 
TaK>Ke 5jiaroflapHbiM oS^beKTOM ^jia MaTeiviaTHKOB, cnen,HajiH3HpyiomHxca b 
oSjiacTH TeopHH ynpaBJiGHHa. Teopna MeTOflOB CHHTe3a ynpaBJienna KBan- 

TOBblMH CHCTeiviaMH OCHOBaHa Ha HCKOTOpblX H;i;eaX TeopHH OHTHMajIbHOrO 

ynpaBJieHHa, a^eKBaTHbix CBoftcTBaM sthx chctcm. Sflecb sth h^ch anajin- 
3HpyiOTca h pa3BHBaiOTca npHMCHHTejibHO K ocoSennocTaM KC. IIomhmo 
cjiojkhocth (J)a30Boro npocTpancTBa, Bbipa>Kaion];eroca b bbicokoh pasMcp- 
hocth aHHpoKCHMHpyioni;Hx cxeM, sto xapaKTcpnaa HejinneHHOCTb sa^anH 
OHTHMajibHoro ynpaBJiCHHa fljia TaKHX chctcm h cjieflyioni;He h3 nee cnnry- 
jiapHOCTH pemeHHH, co3flaioni;He H3BecTHbie npoSejibi b B03M0JKH0CTax ohth- 
MH3an,HH. Ha ochobc nojiyHennbix pesyjibxaxoB sth npoSejibi ycTpanaiOTca, 
pacmnpacTca c(|)epa npHMenenHa ajiropHTMOB CHHxesa ynpaBjienna, noBbi- 

maCTCa HX 3(|)(|)eKTHBH0CTb H 5bICTpOfleHCTBHe. 



1. HocTaHOBKa sa^ann 

B KBaHTOBoii MexaHHKe (KM) CHHTeanpoBaHbi fleTepMHHHpoBaHHaa ;i;HHa- 
MHKa BOJiHOBoii 4)yHKii;HH (BO) H CTaTHCTHHecKaa CBa3b nocjieflHeii c naSjiio- 
flaeMbiMH BejiH^HHaMH: ^HHaMnnecKafl h CTaTHCTH^ecKaa ^acTH KC. CHHTea 
ynpaBjieHHfl n,ejiHKOM CBaaan c nepBOH, BTopaa >Ke o6ycjiOBjiHBaeT Bbi6op 
KpHTepHCB. riycTb X — BCKTop Koop^HHaT CHCTeMbi, npo6eraiomHH o6jiacTb 
fi; = \l/(a;) — ee BO (KOMnjieKcnaa) , \l/(x) =0 na rpaHHii;e o6jiacTH fl; BO 
paccMaTpHBaeTca KaK sjieivieHT KOMnjieKCHoro rnjibGepTOBa npocTpancTBa H 

C HOpMOii i^2(^) H COOTBeTCTByiOmHM npoHSBe^eHHeM 

(^1,^2) = / mt,x)^2{t,x)dQ, (1) 

r^e * — 3HaH0K KOMnjieKCHoro conpa>KeHHfl, d^l — sjieivieHTapHbiH od'heu ko- 
op^IHHaTHoro npocTpaHCTBa. HojiHoe onncaHne flHHaMHHecKoro cocToaHna 
KC coflepjKHTca b BO "^{x), ho sflecb b stom KanecTBe y;i;o5Hee ncnojibso- 
BaTb napy ^'(a;), \l/*(x). ^HHaiviHKa KC onncbiBaeTca flH(J)(J)epeHii;HajibHbiMH 
ypaBHeHHaMH IIIpe^HHrepa. 

d'^{t)/dt = -i/nH''{u)^{t), d-^*{t)/dt = t/hH''^*{t), 

vl/(0,a;)=e(x), 

r^e t G [0,T] — speivia; h — nocToaHnaa HjiaHKa; C,{x) — sa^aHHaa (J)yHK- 
n,Ha; u{t) — ajieKTpH^ecKoe nojie, aaBHcamee tojibko ot BpeMeHH, cboSo^ho 
BbiSnpaeMoe b npe^ejiax a < u{t) < b; H^{u) = H^^ + H^^u — raMHJib- 
TOHOB onepaTop CHCTeivibi; Hanpniviep, ji^Jisi HacTHii;bi Maccbi m, ynpaBJiae- 
MOH MOHOxpoMaTH^ecKOH paflHan,HeH c nepeMGHHOH aMnjiHTyflofl: H^(u) = 
= + V'^ — M^u, = {h/2m)/\ — onepaTop (;i,H(|)(|)epeHn,HajibHbiH) 
KHHeTH^ecKoii sneprHH, = V{x) — noTeHn,HajibHaa sneprHa, — one- 
paTop ;i;HnojibHoro MOMCHTa. Bee onepaTopbi b KM — spmhtobm, a (J^yHK- 
ii;HOHajibi — KBaflpaTHHHbie 4)opMbi (KO). Hpn jiioSom BbiSope ynpaBJienna 

U{t) CHCTeMa ([2]) HMeeT ^HHaMH^eCKHH HHBapHaHT 

||^(t)||2 = (^(t), m(t)) = const = 1. (3) 

riocjie^nee pasencTBO ^HKTyeTca eTaTneTn^ecKHM eMbicjiOM BO. T. e. 06- 
jiacTb fl0CTn>KHM0CTH ynpaBjiaeMOH KC eeTb e^nnn^naa ec^Depa b H. 

HeoSxoflHMO BbiSpaTb 4)yHKn;Hio u{t) TaK, htoSm ona MnnHMHsnpoBajia 
3a;i;aHHbiH 4)yHKn;H0Haji: 

I[u{t)] = -{^{T), L^{T)) ^ min, (4) 
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a^eKBaTHbiH n,ejiflM ynpaBjienHa. S^ecb L — cooTBeTCTByiomHH onepaTop; 
3HaK MHHyc oSycjiOBjien tgm, hto bo MHornx cjiynaax MaKCHMHsnpyeTca no- 
jiojKHTejibHaa KBa;i;paTHMHaa 4)opMa. 3to — 3a;i;aHa onTHiviajibHoro ynpaB- 
jieHHa fljia npoii;eccoB b (J)yHKii;HOHajibHOM npocTpancTBe cocToaHHii H. 
SaMenaHHe. HHor;i;a npHMenaiOTca h KpHTepnH 6ojiee oGmero BH;i;a: 

T 

J[u{t)] =1 + J {{'^*{t)N[u{t)]^{t)) dt + f[u{t)]} dn min, (5) 



r;i;e N — spMHTOB onepaTop, aaBHcainHH ot u, f[u] — sa^aHHaa 4)yHKii;Ha, 
4)yHKn,H0Haji / onpe^ejien ([4]). Oco6eHHO nacTo: 

T 

J = I + Hu{t)] = J f3u\t)dt, (3>0 (6) 



(cm. o5 3T0M HHJKe). 

2. OcoSghhocth 3a^aHH 

PaccMOTpHM opflHHapHyio aa^any onTHMajibHoro ynpabjienHa 

T 

I{v) = I f{t,x{t),u{t))dt + F{x{T))^ mm (7) 



dx/dt = f{t,x,u); x(0)=^; x G E"; u e U, (8) 

rfle i?" — SBKjiHflOBO npocTpancTBO pasMepnocTH n c npoHSBeflenHeM xy = 
= BCKTop ^, BeKTop-4)yHKii;Ha f(t,x,u), (|)yHKii;HH F{x), f^{t,x,u) 

H KOMnaKTHoe MHOJKecTBO U sa^aHbi, D — MHOJKecTBO flonycTHMbix npoii;ec- 
COB V = {x{t),u{t)), y^OBjieTBopaioiu,Hx ((HI). B cootbgtctbhh co CKaaanHbiM 
B n. 1 orpaHHHHMca cjiynaeM: u — CKajiap, u G [a,b], f^{t,x,u) = I3v?, 
/3 > 0. ripH^eM cjiynaH /? = h /3 > 0, KaK mm yBH^HM, ajiropHTMH^ecKH 
cymecTBeHHO pasjiHHHbi. 

JXjih npaKTHHecKHx BbiHHCJieHHH THJibSepTOB BCKTop \1/ annpoKCHMHpy- 
GTca BCKTopoM G -E", H 3a;i,aHa ([2]), (JH) — 3a;],a^eH (l7|), ([8]). AfleKBaraaa 
pasMepnocTb BCKTopa o^enb BejiHKa: n ~ 10^ — 10® fljia MOJieKyjibi c 6 - 
7 CTenenaMH CBoSo^bi. 3to — nepBaa ocoSenHOCTb aa^a^H, 4)HjibTpyiomaa 
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BbiSop ajiropHTMOB. BTopaa, — KOMnjieKCHOCTb BO, — ne ctojib cymecTBen- 
na fljia ajiropHTMH3an,HH; TpeTba — OTcyTCTBHe orpanH^enHH na cocTOSHHe, 
BKJiiOHaa TepMHHajibHbie orpanHHeHna; neTBepTaa: ([2]) cyTb jiHHeflHbie o;i;ho- 
po;i;Hbie ypaBHeHHa c ynpaBJiaeivibiMH K034)4)Hii;HeHTaMH cneii;HajibHoro BH;i;a, 
B npe;i;cTaBJieHHH (l8|): 

a.) f{t,x,u) = C{t,u)x, h) C = A{t) + B{t)u, (9) 

r^e A, B — MaTpa^Hbie onepaTopbi, E"' E^, aaBHcamHe ot t. 

J\ji5i pasjiH^Hbix M0flH4)HKan,HH aa^a^H ([2]), (Jll), ([6]) BbiBeflenbi Heo6xoflH- 
Mbie ycjiOBHa onTHMajibHOCTH THna KpaeBbix aa^an ^jia ypaBnenHH Siijiepa h 
npHHii;Hna MaKCHMyivia HoHTparHHa pLj (tgkct h ccmjikh) . Ho Henocpe^CTBeH- 
Hoe Hx HcnojibsoBaHHe jiflu CHHTeaa ynpaBJieHna bosmojkho tojibko npHMe- 
HHTejibHO K "arpyme^HbiM" MO^ejiaivi Majioii pasMepnocTH. 3(J)(J)eKTHBHbiH 
HHCTpyMGHT fljia pemeHHa aa^an (I7|), ((HI) c GojibniHM n, h cooTBeTCTBenHO, 
fljia (El), (111): MeTOflbi HTepaTHBHoro yjiynmeHHa nporpaMMbi ynpabjienHa. B 
nacToamee Bpeivia npHMGHHTejibHO k KC ncnojibsyiOTca ;i;Ba TaKHx ajiropHT- 
Ma: rpa;i;HeHTHbiH (FpM) h rjioGajibHbiii (FjiM). riepeHHCJieHHbie ocoSenHO- 
CTH aa^a^H coa^aiOT yfloSnbie npe^nocbijiKH ^jia hx npHMeneHHa. 

3. MeTO/i;bi nocjie^OBaxejibHoro yjiynmeHHa npo- 
rpaMMbi ynpaBjienna 

BbiflejiHM H3 (ITD "no;i;3aflaHy yjiyHineHna". HivieeTca flonycTHMbiH, ho ne on- 
THMajibHbiH npon,ecc Vq = {xo{t),UQ{t)) G D. Tpe6yeTca yjiynniHTb ero, 
OTbiCKaB npon,ecc v = {x{t),u{t)) G D, TaKofi, ^to I{v) < I{vq). 

HoBTopaa 3Ty onepaii;Hio, nojiyHHM yjiyHinaiomyio nocjieflOBaTejibHOCTb 
{vs} C -D, /(fs+i) < I{vs). npe;i;eji lim /(fg) = inf I{v) mm 3;i;ecb ne nccjie- 
;i;yeM, cocpeflOTOHHBniHCb na onepaii;HH yjiynmeHHa h neKOTopbix oii;eHKax 
nocjieflOBaTejibHOCTH. 

yHH(J)Hn,HpoBaHHoe onHcaHHe HHTepecyiomeii nac rpynnbi MeTO^OB ^a- 
eT TexHHKa ^ocTaTOHHbix ycjiOBHH onTHMajibHOCTH p]. SannmeM ceMeiicTBO 
npeflCTaBJieHHH (J)yHKii;HOHajia I{v) c nenpepbiBHOH, ;i;BajK;i;bi ;i;H(|)(|)epeHii;H- 
pyeMOH no x (|)yHKii;HeH ip{t,x) b KanecTBe napaMeTpa: 

T 

I{v, ip) = G (x(T)) - J R{t, x{t),u{t)) dt mm (10) 
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R{t,x,u) = H{t,ip^,x,u) + ipt] H{t,p,x,u) = pf{t,x,u) - f{t,x,u) (11) 

G{x) = F{x) + v{T,x)-v{0,O- (12) 
3;i;ecb H ;i;ajiee hhjkhhh SHanoK osHanaeT flH(J)(J)epeHii;HpoBaHHe no cooTBeT- 
CTByiomeH nepeMeHHOH. 

CymecTBeHHyio pojib b pemenHH aafla^H yjiynmeHHa nrpaiOT conpH>KeH- 
Hbie ypaBHenna 

R4t,xoit),uoit)] =dy{t)/dt + yf {t, xo{t),uo{t)) = 0; 

(xo(T)) = y{T) + {xo{T)) = 0, (13) 
KOTopbie onpe;i;eji5iiOT BeKTop-(J)yHKii;Hio y{t) = (p^ {t,Xo{t)). 

3.1. FpaflHeHTHbiH mcto^. IlycTb (p{t,x) = y(t)x, y{t) y;],OBjieTBopa- 
GT psp . By^GM HCKaTb npon,ecc f, ^ocTaTOHHO 6jih3khh k vq, ^toGm snaK 
pasHOCTH AJ = I{v) — I{vq) Sbiji TOT >Ke, HTO H y ee rjiaBHoii jiHHeiiHOH 
nacTH 

T 

51{v) = -JRu {t, xo{t),uo{t)) 6uo{t)dt, (14) 

T 

r;i;e Ru{t,Xo{t),uo{t)) = Hu{t,y{t),xo{t),uo{t)), 5uo{t) — BapHa^Ha npo- 
rpaMMbi ynpaBjieHHii. Sa^a^HM 5uQ{t) Tax, ^to npaBaa nacTb (114^ bojiojkh- 
TejibHa. HycTb npn ^ocTaTOHHO Majibix e > 0: u{t,e) = uq + e6uo G U, 
V t, H TpaeKTopHa x{t,e) onpe^ejiena ynpaBjieHHeM u{t,e) b CHjiy ([8]). Tor^a 
cymecTByeT e > 0, TaKoe hto I{v) < /(fo), v = v{e). 

TaKHM o5pa30M, npoii;ecc yjiyHineHna nporpaMMbi ynpaBJienna Mo(^) cbo- 
flHTCfl K cjie^yiomHM inaraM: 0. HHHn,HajiH3an,Ha: ^ano Uo{t), naxo^HM Xo{t), 
pemaa aa^tany Komn ([8]) c u = Uoit); 1. naxo^HM y{t) h Ru (t,Xo(t),UQ{t)), 
pemaa jinneHHyio aa^any KoniH ( fT3l) . jih6o, ne aanoMHnaa Xo{t), t < T, — aa- 
;i;aHy Komn ji^jisi ypaBneHHH ([8]), (fT3l) npn a;(t) = a;o(t) c HanajibKbiMH ycjiOBH- 
aMH a;(T) = Xo{T) h (fT3l) : 2. ycTanoBHM BapHaii;Hio nporpaMMbi ynpabjienna 
6uo{t) TaK, ^To5bi npaBaa ^acTb ( fT4ll 5bijia nojioJKHTejibHon; 3. /Jjia pasjinn- 
Hbix e > 0, naiifleM penienna x{t, e) aa^a^n Komn ((HI) npn u = Uo + e6uo. Be- 
jiHHHHy e cjie^yeT BbiSpaTb Tax, ^To5bi Bbinojinajiocb I{v) < /(fo), v = v{e). 

BbipajKenne (fT3ll flaei rpaflnenT (J)yHKn;HOHajia I{u) b npocTpancTBe yn- 
paBJiennn u{t). 3th MCTOflbi paaBHBajincb b paSoTax KejiJin n pp. [3], BneeBa 
[4], Bpancona [5], n flpyrnx. 

3.2. rjio6ajibHbiH MCTOfl yjiynmeHHa ynpaBjieHna. OSoana^HM 

tt(t,a;) = argmax_R(t, x, u) = argmaxiy(t, 0a;, x, m). (15) 
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OnnmeM onepan,Hio yjiynmeHHa. HHHn,HajiH3an,Ha no^oSna n. 0. h3 3.1. 

1. KoHCTpynpyeM 4)yHKii;Hio (p{t,x), TaKyio hto 

R{t,Xoit),uoit)) = mmR{t,x,Uo{t)) , \/t^T (16) 

G(xo(r)) = maxG(x). (17) 

2. Ha (fTSl l HaxoflHM u{t,x) m onpe^ejiHeM npon,ecc v = {x(t),u{t)) = 
= u{t,x{t)) G D corjiacHO ypaBneHHio h na^ajibHbiM ycjiOBHHM ((HI). 

TeopeMa, [6j. MMeeM : /(t;) < /(fo). -Ec/iu ycnoeue R{t,Xo{t),Uo(t)) = 
= maxi? (t, Xo(t) < u),\/ t j^T, ne eunoAHMemcM, mo I{v) < I{vq). 

BocnpoH3Bo;i;a STy onepaii;Hio, nojiy^HM yjiynmaiomyio nocjieflOBaTejib- 
HOCTb {v} C D. OcHOBHoe 3BeH0 SToro MCTOfla, — KOHKpeTHbiH cnoco6 
nocTpoeHHfl 4)yHKn,HH (p{t,x) na KajK^OH HTepan,HH. Hx BapHanTbi c noflpo6- 
HbiM onHcaHHeM cm. b [7], [8j, [2]. 

3.3. JlHHeHHbie CHCTeMbi c ynpaBjiaeMbiMH K03cJ)cJ)Hi];HeHTaMH. 

IlycTb cnpaBe;i,JiHBO (JOj) a). 3afla;i,HM: (p{t,x) = y(t)x. HivieeM 



R(t,x,u) = dy(t)/dt + C'^(t,u)y x — [3u 



,2. 



(18) 

G{x) = F{x) + y{T)x - y{0)xo. 

R4{t,xo{t),uo{t))]=dy/dt + C^{t,uo{t))y = 0; 

l/(T) + F,.(xo(r)) = 0. ^^^^ 

Sflecb (■)^ — snanoK TpancnoHHpoBaHHfl. <l>yHKn,Hfl R{t,x,u) BbinyKjia no 
x.TaKHM oSpaaoM, nepBoe ycjiOBHe ( fT9l) neoSxoflHMO h ^ocTaTOHHO ^jih (fTGll . 
EcjiH (|)yHKii;H5i F(x) BornyTa, to BTopoe ycjiOBne (fTOll Heo6xo;i;HMO h ;i;ocTa- 
TOHHO (fTTll . T. e. 4)yHKii;H5i f{t,x) = y{t)x y;i;oBJieTBopaeT (flGll . (fTTll 
H rjioSajibHbiH yjiyHinaiomHH ajiropHTM BOcnpoH3Bo;i;HT ajiropHTM rpa;i;H- 
eHTHoro MGTO^a c aaMGHOH u = Uq + e6uo b n.n. 2, 3 na m = u{t, x) = 
= argmax xC^ {t,u)y — , npn btom cymecTBeHHO ynpoinaa nocjieflHHH, 

nocKOJibKy HCKJiiOHaeTca nacTpoenHbiH napaivieTp e, h SecKoneMHO Majibie 
TeopeTHHecKH marn saMenaiOTca KOHe^HbiMH. 

3.4. Oco6bie pe:»<;HMbi. HycTb cnpabefljiHBO ([9]) b) h /? = 0. HivieeM: 

dx/dt = {A + Bu)x; dy /dt = -{A^ + B'^u)y; 

H(t, y, X, u) = yAx + K(t, y, x)u; 
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K = yBx: u(t, x) = a, K < 0: 

J (21) 

u{t,x) = b, K > 0; u{t,x) =var, K{t,x) = 0. 

IlycTb npH BbinojiHeHHH n. 3 onepan,HH yjiynmeHHa npH t = ti : K(ti) = 0. 
SnaHeHHe u{ti) OKasbiBaeTca ne (J)HKCHpoBaHO. ^oonpeflejiHM ero SHaneHHeM 
u{t) = Usingit), peajiHayiomHM paBencTBO K{t,x{t)) = 0, t > ti. ^H(|)(|)epeH- 
n,Hpyfl nocjie^Hee, nojiy^HM c yneTOM (l20l) . ( I2T1 ): 

Msing(t) = %(t) + [{BA - ABfyit)] x{t)/y{t)B^x{t). (22) 

3to pemeHHe naaoBeM ocoSmm, hjih CHHryjiapHbiM, pejKHMOM yjiyHineHHoro 
ynpaBJienna. Oho noaBJiaeTca b yjiynmaiomeH nocjie^OBaTejibHOCTH b Ka- 
necTBe nojiy(J)a6pHKaTa ocoSoro pejKHMa onTHMajibHoro ynpaBjienHa, ecjiH 
nocjie^HHH coflep>KHTca b onTHMajibHOM npon,ecce, h orpaHH^eno ycjiOBHeM 
"lismg G [a,b]. 3tot pejKHM nojiyneH b paMKax rjioSajibHoro MeTO^a. Fpa^H- 

eHTHblH MCTOfl SflGCb HenpHMeHHM: Ru {t,Xo{t),Uo(t)) = K {t,Xo{t)) = 0, co- 

OTBeTCTBGHHO, yjiyHinaiomHH c;i;BHr ynpaBJienna 6u He onpe;i;ejieH, a ynpan- 
jienne Msing(^) ne cjie^yeT h3 jiorHKH MeTo;i;a h, BOoGme, npoTHBopeHHT ero 
ycjiOBHaMH (iviajiocTb 6u). 

XapaKTepna B03M0>KHaa Hee^HHCTBennocTb yjiyHniennoro npon,ecca v = 
= x{t), u{t). Hpn onpe^ejienHbix ycjiOBnax HMeeTca ajibTepnaTHBa: "cohth" 
c ocoSoro pejKHMa hjih ocTaTbca na neivi. HivieHHO, ecjiH b MOMenT t > ti 
BbinojinaeTca o^ho h3 HepaBencTB 

fit, X, a)K^{t, x) < 0; /(t, x, b)K,{t, x) > 0, (23) 

TO COOTBeTCTBeHHO 

u(t + 0) = {Usingit) HJIH a}; u(t + 0) = {Uslngit) HJIH 6}. (24) 

SaMenaHHe 1. TepMHHajibHbie ycjiOBHa (fTOl) h K {T,y{T)xo{T)) = 
coBMecTHbi TOJibKO npH cneii;HajibHbix SHaneHHax Xq{T). HoBTOiviy, BOo6iii;e, 
^jia BbinojiHeHHa 2-ro h nocjie;i;yioiii;HX yjiyHineHHii Heo6xo;i;HMO, htoSm yna- 
CTOK yjiy^maeMOH TpaeKTopHH, npHMbiKaiomnn k t = T, Sbiji neocoSbiM: 
i^(T,|/(T),x(T))^0. 

SaMenaHHe 2. HycTb ynpaBJienne HMeeT necKOJibKO KOMnoneHT: 



u 



{v,w), we[a,b]cR^; C{t,u) = A{t,v) + B{t,v)w. (25) 



MajiojKeHHbiH ajiropHTM npHivieHHM k yjiynnieHHio no w npn (J)HKCHpoBaHHOM 
f (t), TaK HTO MO>KHO c^HTaTb! A = A(t) , B = B{t). B nocjie^OBaTejibHOCTH 
3TH inarH nepe^yiOTca c yjiy^menHaMH ;],pyrHx KOMnonenT ynpaBjienna. 
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4. KBaHTOBbie CHCxeMbi 



HocTaHOBKa sa^anH — b n. 1. Ona OTHOCHTca k KJiaccy aa^an n.n. 2.3, 2.4 

B COOTBeTCTBeHHO o5o6lIi;eHHOM npOCTpanCTBe C0CT05IHHH. PoJIB MaTpHHHblX 

onepaTopoB A, B HrpaiOT onepaTopbi H'^^, ^eiicTByiomHe b H. Hx 

flonojiHHTejibHoe cbohctbo — caMOConpa>KeHHOCTb, h KaK cjie^CTBHe, — ([3]). 

4.1. YcjiOBHa npHMeHHMOCTH MeTO^OB yjiyHineHHa. FpM npHMe- 
HHM K aaflane (J!]), TOJibKO na pannHx HTepaii;H5ix h ecjin hohck Ha^HHaeTca 
;i;ajieKO ot BKCTpeMyivia h hg CKasbiBaiOTca 34)4)eKTbi ocoSoro pejKHivia, jih- 
6o — npH OTcyTCTBHH nocjieflHero b cocTaBe onTHMajibHoro npoii;ecca (hto 
He xapaKTepHo). Hpn najiH^HH ^oSaBKH ([6]) oh npHMenHM Sea oroBopoK (cm. 

05 3T0M HH>Ke). 

ripHMeHHMOCTb TJioSajibHoro yjiynmeHHa perjiaivieHTHpyeTca b n. 2.2 Tpe- 
6oBaHHeM BornyTOCTH (J)yHKii;HH F{x), neiviy cooTBeTCTByeT HeoTpHii;aTejib- 
HOCTb 4)opMbi (\I/(T), L\1/(T)). HoKajKeM, mto fljia KC oho CMarnaeTca flo 
TpeSoBaHHH 3HaK00HpeflejieHH0CTH HocjieflHeii h, Kax npasHjio, BbiHOJiHaeT- 
Cfl. HanSojiee xapaKTepnbie xpHTepHH onTHMajibHOCTH — MaKCHMyM hjih mh- 
HHMyM BepoaTHOCTH P['^{T),Q] Toro, HTO K MOMeHTy T 3HaHeHH5i naSjiio- 
;i;aeMbix BejiHHHH, hjih cooTBeTCTByiOHi;He cocToaHna, OKa»cyTca b npe^ejiax 
3a;i;aHHoro MHOJKecTBa Q. HycTb Ha6jiio;i;aeMbie — sneprna hjih HMnyjibc, 
HMeiomne coGcTBennbie ana^enHa Aj h (J)yHKn,HH HivieeM: P[\I/(T),Q] = 
= J2i K^i) i : Xi E Q. 3to — HOJio>KHTej[bHaa KO. 3a;],a^a I[u{t)] = 

= —P[^(T),Q] mill, cooTBeTCTByiomaa MaKCHMH3an,HH P, OTse^aeT Tpe- 
6oBaHHaM HpHMeHHMOCTH MeTOfla. 3a;i;aHa P['^{T),Q] min ne OTBe^aeT 
HM, HO eii SKBHBajieHTHa 3aflaHa I[u{t)] = — P[\1/(T), Q'] —>■ min, r^e Q' — 
flOHOJineHHe Q ^o ^hcjioboh och. Hocjie^Haa oSjia^aeT HeoSxo^HMoii BbinyK- 
jiocTbK). AnajiorHHHO oSctoht pfijio, ecjiH naSjiiOflaeMbie — KOop^nnaTbi, h 
COOTBeTCTBeHHO P[\1/(T), Q] = Jq \1/*(T, x)'^{T, x)(if2.TaKHM o5pa30M, h MaK- 
CHMH3aH;Ha, h MHHHMH3aH;Ha P[^{T),Q] peajiH3yeMa sthm mctoaom jihSo 
HeHOcpe;i;cTBeHHO, jihSo ajibTepnaTHBHOH 3aMeH0H Q Q'. 

4.2. Onepaij;Ha yjiynmeHHa. SaHHineivi 6a3HCHbie KOHCTpyKH;HH sthx 
MCTOflOB, yHHTbiBaa ocoScHHOCTH 3a;],a^H. YjiyHHiaiomaa (]3yHKn,Ha 

Tcnepb — jiHHeHHbiH ;],eHCTBHTejibHbiH 4)yHKn,H0Haji: ip = + 
+ ^*) = R-6 {x(t)j ^)) rfl6 x{t) ^ 3aflaHHaa BeKTop-4)yHKn,Ha, [0, T] — >■ 
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— ^ KaK H cooTBeTCTByioiu,He en b CHjiy (1131) : 

G{^, ^*) = -(vl>, L^) + (x(T), VI/) + (x*(T), v]>*) 
R{t, ^, u) = K%t, ^, **) + K^{t, ^, ^*)u - i5v? + (x, ^) + (x*, ^*), 
Ki{t, v^, VI/*) = [(X*(t), i^^vl/*) _ (;^(t), //^vl/)] , J- = 0, 1. 
^H4)4)epeHii;HajibHMe ypaBHeHna HTepaii;HH: 

a) x(t)-(V^)Mo(t)//^xW = 0; b) <^{t) = ~{z/fi)u{t,^,^*)H''^it), (26) 

fa, <0 
P = 0: M(t,^,^*) = <^ 6, JsTi > ; 

[ Msing, = 

{a, u' < a 
u', a<u' <b , 
a, u' > h 

«sing = no(t) - [((if^if" - H^H')x{t), n + 
+ [{{H'H^ - H^H^)x\ ^*)] / m^fx. ^) + {{K^fx. n ; 
u' = -K^/2(3; Ruit, ^, u) = /^^(t, ^, ^*) - 2/5u. 

B cooTBeTCTBHH c n.B. 2.3, 2.4, onepan,Ha rjioSajiBHoro yjiynmeHHa Sy^eT 
cjie^yiomeH. 0. HHHn,HajiH3an,HH, npflMaa nporoHKa. BbiSnpaeTca (J)yHKn,Hfl 
u = u^'^\t) H HHTerpnpyeTca ypaBHenne IIIpe^HHrepa ([2]) ji^jin v]/ c Hanajib- 
HbiM 3HaHeHHeM ^(x), nojiy^aeTca TpaeKTopna '^^{t) h cooTBeTCTByiomee 
3HaHeHHe (|)yHKii;HOHajia 

1. OGparaaa nporoHKa. PemaeTCfl 3a;],a^a KoniH (l26l) a), x(T) = — Lv]/o(T), 
H naxo^HTca x^l^)- 

2. Hpaiviaa nporoHKa. PemaeM 3aflaHy Komn (l26ll . v[/(0, x) = ^(x), x(0) = 
= X°(0), BOcnpoH3BOfla h onpeflejiaa HOByio TpaeKTopnio v|/(t), ynpaB- 
jieHHe u{t) = v|/(t)) corjiacHO fl27ll . h cooTBeTCTByioinee 3HaHeHHe ^ytiK- 
n,HOHajia / hjih J. 

HpHMeHeHHe onepan,HH rpa^neHTHoro yjiy^meHHii k sa^ane (I6|) Bocnpo- 

H3B0flHT XOpOmO H3BeCTHbie CXCMbl. MeTOflbl rapaHTHpyiOT TOJIbKO HaXOJK- 

;i;eHHe jiOKajibHoro MHHHMyMa (noHTparHHCKaa BKCTpeiviajib) . 

4.3. 3HeprHH nojia khk perjiaivieHTHpyiomHH cJiaKTop ynpaBjie- 
HHa. <l>yHKii;HOHaji Ijj HHTepnpeTHpyeTca KaK pacxofl SHeprnn na ynpaBJie- 
HHe, a MHHHMH3aii;Ha cyMMbi J — sto KOMnpoMHCC uempj KanecTBOM ;i;octh- 
jKeHHfl rjiaBHoii n,ejiH (Jll) h SKOHOMHen sneprHH. Ho coflep>KaHHe SToro kom- 
npoMHCca TpeSyeT npoacneHHa. Ecjih sneprHH jia3epHoro H3JiyHeHHa ecTb 
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27) 



perjiaMGHTHpyiomHH (J)aKTop ynpaBjieHHa, to ero cjie^yeT bbgcth b nocTa- 
HOBKy aa^aHH b bh^g orpaHH^eHHa: 

dz/dt = u\ty, z{0) = 0; z{T) < a, (28) 

r;i;e a — npe^ejibHoe ^onycTHMoe SHaneHHe SHeprnn. 3T0My orpaHnneHHio 
OTBenaeT conpajKeHHaa 4)yHKii;H5i: = const; /3 = 0, z{T) < a; /3 > 0, 
z(T) = a. 

PemaeTCfl sap^aHa yjiy^menHfl npn (3 = m npoBepiieTCfl ( l28ll . Ecjih 
z{T) < a, TO orpaHHHeHHe (l28ll necymecTBeHHo; ecjiH z{T) > 0, to pemaeTca 
ceMeiicTBO aa^a^ yjiynmeHHa c napaivieTpoM /? > 0, KOTopbiii no^^SnpaeTca 
TaK, HTO z{T) = a. KaK bh;i;hm, pe;i;yKii;H5i I J{f3) ne TOJK^ecTBeHHa yneTy 
orpaHH^eHHOCTH sneprHH. 

4.4. CpaBHeHHe Mexo^OB rjio6ajiBHoro h rpa^neHTHoro nocjie^o- 
BaTejiBHoro yjiyHuieHna. FpM HMeeT jiOKajibHbifi xapaKTep, yjiyHineHne 
TpeSyeT ceMeiicTBa nporonoK c nacTpoenHbiM napaivieTpoM e h rapanTHpyeT- 
Cfl TOJiBKO npH Majibix ero SHa^enHflx. CooTBeTCTBenno, cxo^hmoctb npoHC- 
xo^HT Me^jieHHO. FjiM He coflep>KHT HacTpoeHHbix K03(|)(|)Hn,HeHT0B H peajiH- 
syeTca e^HHCTBeHHOH napofi nporoHOK: oSpaTHofi h npaiviOH. FpM ne co^ep- 
JKHT flOCTaTOHHbix HHCTpyMeHTOB fljis yjiyHineHHa h renepHpoBaHHa ocoSoro 
pejKHMa, T. e. — onTHMH3an,HH KC c KpHTepneivi KanecTBa (111): onTHMajiBHaa 
TpaeKTopna coctoht h3 KycKOB u = a, u = b m oco6oro pe>KHMa K^{t) = 0, 
fljifl KOToporo rpa^HeHT h, cooTBeTCTBenno, yjiyHinaiomHii c^BHr ynpaBjie- 
HHa 6u He OHpe;i;ejieH, a yHpaBJienne Msing(^) ne cjie;i;yeT h3 jiornKH ivieTOfla h, 
BOo6iii;e, ne ;i;onycKaeTC5i ero ycjiOBHSMH (iviajiocTb 6u). HosTOMy npn nojib- 
aoBaHHH FpM oGmhho k (J)yHKii;HOHajiy (J!]) ;i;o6aBJiaeTca cjiaraeivioe fl26l) . Oho 
peryjiapnayeT FpM, ho bhocht HeacHOCTb b (|)H3HHecKHH cmbicji KpHTepna 
(cm. Bbime) H oSycjiOBjiHBacT neflOHCHOJibsoBaHHe pecypca ynpaBjienHH ^jih 
rjiaBHOH n;ejiH dH): yxy^maeTca h cxo^HMOCTb HOCJieflOBaTCJibHOCTH yjiynme- 
HHii cpaBHHTejibHO c FjiM, h KanecTBO KOHCHHoro peayjibTaTa. FjiM ne hmcct 
3THX ocjiojKHeHHH H npHMCHaeTca jihSo nanpaMyio k HCxoflHofi aa^ane ([4]), 
j[h6o k peflyn,HpoBaHHOH, xots h b hcm hc bcc oScToajio Sjiaronojiy^no c oco- 
6biM pe>KHMOM. TeopcTH^ecKH CHHryjiapHaa ^yra yjiy^meHHoii TpaeKTopiiii 
K{t) = aBTOMaTHHCCKH peajiHsycTca FjiM KaK CKOJibsamnfi pejKHM. Ho- 
3T0My b [2] npe;i;j[araj[ocb hc Bbi;i;ej[aTb ee cnei^iiajibHO. OflnaKO peajniaai^iia 
TaKoro no^xo;i;a OKasbiBacTca CBaaana c cyin;ecTBeHHbiMH BbiMHCJuiTCJibHbiMH 
TpyflHOCTaMH. Peryjiapnoe ynpaBjieniie Usmg{t), nojiy^ennoe a^ecb, CHiiMaeT 

3TH TpyflHOCTH. 
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FpM npHMenajicfl k KC eme noaBjieHHa FjiM, jiy^me ocbogh 4)H3h- 
KaMH, H SojibniHHCTBO sa^aH pemaeTca hm. HpHMeHeHHe FjiM k npo6jieMaM 
ynpaBJiGHHa KC Smjio npe;i;jiojKeHO b [9] , h k HacToaineiviy BpeivieHH ero mojk- 
HO CMHTaTb ;i;ocTaTOHHO BHeflpeHHbiM. Ero npeHMymecTBa naniJiH no;i;TBep- 
jK;i;eHHe b HCCJieflOBanHax ynpaBJienna KBaHTOBbiM cocToaHHeivi MOJieKyji h 
aa^an (|)H3H^ecK0H xhmhh, MarHHTHoro peaoHanca, aa^a^ KBanTOBOH obth- 
KH, H flpyrnx aKTyajibHbix nanpaBjienHii, onySjiHROBannbix b |10) - |15) h 
;i;pyrHx paSoTax. Cjie^yeT Bbi^ejiHTb [13], r^e 3thm MeTO^OM b Mo;i;H(|)HKa- 
ii;hh |H] onTHMHsnpyeTca HejiHHefiHaa KC, Bbina^iaiomaa aa paiviKH ypaBHe- 
HHii ^ (SoaoHHbiH KOH;i;eHcaT) . HHTepecHbifi cpaBHHTejibHbiii anajina 5biJi 
c^ejian b |10llll|. IloKaaaHO, ^to FjiM cymecTBenno yMenbinaeT neoSxoflHMoe 

KOJIHHeCTBO Bbl^HCJieHHH, GCJIH BOHCK Ha^HHaGTCa ^ajieKO OT SKCTpeMyMa. 

MncjieHHbie SKcnepHivieHTbi na necKOJibKHx KC c KpHTepneivi (l6|) xopomo bto 
;i;eMOHCTpHpyiOT. Cxo;i;HMOCTb npoHCxo;i;HT oneHb 6biCTpo b caiviOM Hanajie 
noHCKa. 

Abtop Sjiaro^apHT A.B. ByjiaTOBa h A.B. FopniKOBa aa KOHcyjibTan,HH 
H o6cy>K^eHHe paSoTbi. A66peBHaTypbi: KM — KBanTOBaa MexaHHKa; BO — 
BOJiHOBaa (|)yHKn,Hfl; KC — KBanTOBaa CHCTeMa; (FjiM) — rjioSajibHbiH mcto^; 
(FpM) — rpa^HeHTHbiH MeTO^i;. 

CnncoK jiHTepaxypbi 

[1] Rabitz H. In: Encyclopedia of Computational Chemistry, J. Wiley & 
Sons Ltd, Chichtster, 1998, v.l, p. 573 - 580. 

[2] Krotov V.F. Global Methods in Optimal Control Theory, Marcel Dekker 
Ink., New- York, Basel, 1996, 334 p. 

[3] Kelley H. J.// MRS J, 1960, 30 (10). 

[4] 3HeeB T. M. KocMH^ecKne nccjieflOBanHa, 1966, 4 (5). 

[5] Bryson A. E. and Ho Y. Ch. Applied Optimal Control, Hemisphere 
Publishing Corporation, Washington, D.C. (1975). 

[6] KpoTOB B.O., Oejib^iMaH H.H. B c6.: Mo^ejiupoBaHHe tcxehko- 
SKOHOMH^ecKHx npon,eccoB, MocKBa (1978), c. 22 - 35. 

[7] KpoTOB B.O., OejibflMan H.H. // HaB. AH CCCP, Texn. KuSepneTHKa, 
1983, 2, c. 162 - 167. 



11 



[8] KpoTOB B.O., KoHHOB A.H.//ABTOMaT. H TejieMex., 1999, 2. c. 

[9] KaaaKOB B.A., KpoTOB B.O./'/ABTOMaT. h TejieMex., 1987, 4, c. 

[10] Kazakov V. A., Somloi J. and Tannor D. J. Chemistry Physics, 1993, 
172 . 

[11] Kazakov V. A., Somloi J. and Tannor D. J. Physical Review A, 60, 3081, 
1993. 

[12] Rangan C. and Bucksbaum P.H. Physical Review A, 64, 033417 (2001). 

[13] Sklarz S.E. and Tannor D.J. Physical Review A 66, 053619 (2002). 

[14] Calarco T., Dorner U., Julienne P.S., Williams C.J. and Zoller P. 
Physical Review A 70, 012306 (2004). 

[15] Gorshkov A.V., Calarco T., Lukin M.D., and Sorensen A.S. Physical 
Review A 77, 043806 (2008). 



12 



